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Abstract. We study fractional Sobolcv and Besov spaces on noncompact Riemannian manifolds with 
bounded geometry. Usually, these spaces are defined via geodesic normal coordinates which, depending on 
the problem at hand, may often not be the best choice. We consider a more general definition subject 
to different local coordinates and give sufficient conditions on the corresponding coordinates resulting in 
equivalent norms. Our main application is the computation of traces on submanifolds with the help of 
Fermi coordinates. Our results also hold for corresponding spaces defined on vector bundles of bounded 
geometry and, moreover, can be generalized to Triebel-Lizorkin spaces on manifolds, improving ISkr90| . 

1. Introduction 

The main aim of this paper is to consider fractional Sobolev spaces on noncompact Riemannian manifolds, 
equivalent characterizations of these spaces and their traces on submanifolds. We address the problem to 
what extend results from classical analysis on Euclidean space carry over to the setting of Riemannian mani- 
folds - without making any unnecessary assumptions about the manifold. In particular, we will be interested 
in noncompact manifolds since the compact case presents no difficulties and is well understood. 

Let (M, g) denote an n-dimensional, complete, and noncompact Riemannian manifold with Riemannian 
metric g. Fractional Sobolev spaces on manifolds Hp{M), s € M., 1 < p < oo, can be defined similar to 
corresponding Euclidean spaces i/p(]R"), usually characterized via 

by replacing the Euclidean Laplacian A with the Laplace-Beltrami operator on (M, g) and using an auxiliary 
parameter p, see Section 13.11 The spaces Hp{M) were introduced and studied in detail in [Str83 and 
generalize in a natural way classical Sobolev spaces on manifolds, Wp{M), which contain all Lp functions 
on M having bounded covariant derivatives up to order k gN, cf. |Aub76[ [Aub82) . 

Moreover, on manifolds with bounded geometry, see Definition I18[ one can alternatively define fractional 
Sobolev spaces Hp{M) via localization and pull-back onto R", by using geodesic normal coordinates and 
corresponding fractional Sobolev spaces on R", cf. |Tri921 Sections 7.2.2, 7.4.5] and also [Skr98' Definition 1]. 
Unfortunately, for some applications the choice of geodesic normal coordinates is not convenient, which is 
why we do not wish to restrict ourselves to these coordinates only. The main application we have in mind 
are traces on submanifolds N of M . But also for manifolds with symmetries, product manifolds or warped 
products, geodesic normal coordinates may not be the first and natural choice and one is interested in 
coordinates better suited to the problem at hand. 

Therefore, we introduce in Definition [11] Sobolev spaces Hp^{M) in a more general way, containing all those 
complex- valued distributions / on M such that 

i/p 

l(/l„/)0Ka||P^ jj„ 1 (1) 
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is finite, where T = {Ua, Ka,ha)a£i denotes a trivialization of AI consisting of a uniformly locally finite 
covering Ua, local coordinates Ka : Va C R" —^-UaCM (not necessarily geodesic normal coordinates) 
and a subordinate partition of unity h^. Of course, the case of local coordinates Ka being geodesic normal 
coordinates is covered but we can choose from a larger set of trivializations. Clearly, we are not interested 
in all T but merely the so called admissible trivializations T, cf. Definition 1121 yielding the coincidence 

H^'^iM) = h;{m), 

cf. Theorem [Ml 

As pointed out earlier, our main applications in mind are Trace Theorems. In |Skr901 Theorem 1], traces on 
manifolds were studied using the Sobolev norm ([l} with geodesic normal coordinates. Since these coordinates 
in general do not take into account the structure of the underlying submanifold where the trace is taken, 
one is limited to so-called geodesic submanifolds. This is highly restrictive, since geodesic submanifolds are 
very exceptional. Choosing coordinates that are more adapted to the situation will immediately enable us to 
compute the trace on a much larger class of submanifolds. In particular, we consider Riemannian manifolds 
{M,g) with submanifolds N such that {M,N) is of bounded geometry, see Definition \TE[ i.e., {M,g) is 
of bounded geometry, the mean curvature of N and its covariant derivatives are uniformly bounded, the 
injectivity radius of {N,g^) is positive and there is a uniform collar of N. 

The coordinates of choice for proving Trace Theorems are Fermi coordinates, introduced in Definition [20l 
We show in Theorem [211 that for a certain cover with Fermi coordinates there is a subordinated partition of 
unity such that the resulting trivialization is admissible. 

The main Trace Theorem itself is stated in Theorem[571 where we prove that if M is a manifold of dimension 
n > 2, N a. submanifold of dimension k < n, and (M, N) of bounded geometry, we have for s > 

Tin H;{M)^ bZ^{N). (2) 

i.e., there is a linear, bounded and surjective trace operator Trjv with a linear and bounded right inverse 
Exm from the trace space into the original space such that Trjv o Exm = Id, where Id denotes the identity 
on operator N. The spaces on the right hand side of ([5]) are Besov spaces obtained via real interpolation 
of the spaces H^, cf. Remark [iTl When just asking for Trjv to be linear and bounded, one can reduce the 
assumptions on {M, N) further by replacing the existence of a collar of N with a uniform local collar, cf. 
Remark [31 

We believe that the method presented in this article is very well suited to tackle the trace problem on 
manifolds. One could also think of computing traces using atomic decompositions of the spaces Hp{M) as 
established in |Skr98| . which is often done when dealing with traces on hyperplanes of R" or on domains. 
But on (sub-)manifolds it should be complicated (if not impossible) to obtain a linear and continuous exten- 
sion operator from the trace space into the source space - which by our method follows immediately from 
corresponding results on M". 

In Section [5l we establish analogous results for vector bundles of bounded geometry. An application of our 
trace result for vector bundles. Theorem [46l may be found in |GN12j . where the authors classify boundary 
value problems of the Dirac operator on spin"' bundles of bounded geometry, deal with the existence of a 
solution, and obtain some spectral estimates for the Dirac operator on hypersurfaces of bounded geometry. 

As another application of our general coordinates spaces with symmetries are considered in Section [6. II We 
restrict ourselves to the straight forward case where the symmetry group is discrete and obtain a general- 
ization of a theorem from Tri83 , Section 9.2.1], where the author characterizes Sobolev spaces on the tori 
T" := R"/Z" via weighted Sobolev spaces on R" containing Z" periodic distributions only. 

Finally, in Section 16.21 we deal with the larger scale of Triebel-Lizorkin spaces 
0<(7<ooorp = (7 = oo, linked with fractional Sobolev spaces via 

F^'JiM) = H;^^{M) , s e R, 1< p < oo, 

and the general scale of Besov spaces Bp'J{M), s G M, < p, q < oo defined via real interpolation of 
the spaces FpJ{M), cf. Definition [55l We will show that an admissible trivialization T again guarantees 
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coincidence with the corresponding spaces Fp^^^M), Bp g{M) - obtained from choosing geodesic normal 
coordinates, cf. |Tri92l Sections 7.2, 7.3] - and that trace resuhs from Euchdean space carry over to our 
setting of submanifolds N of M, where (M, N) is of bounded geometry. In particular, if now 

s > k max 0, 1 , (3) 

P \ P J 

we have 

Tr F;JM) = bZ"^ {N) and Tr B^^iM) = B;~^ (N), 
cf. Theorem [551 The restriction is natural and best possible also in the Euclidean case. 

Acknowledgement. We are grateful to Sergei V. Ivanov who kindly answered our question on mathover- 
flow concerning the equivalence of different characterizations on manifolds of bounded geometry. Moreover, 
we thank Hans Triebel for helpful discussions on the subject. The second author thanks the University of 
Leipzig for the hospitality and support during a short term visit in Leipzig. 



2. Preliminaries and notations 

General notations. Let N be the collection of all natural numbers, and let No = N U {0}. Let R" be the 
n-dimensional Euclidean space, n G N, C the complex plane, and let i?" denote the ball in R" with center 
and radius r (sometimes simply denoted by Br if there is no danger of confusion). Moreover, index sets are 
always assumed to be countable, and we use the Einstein sum convention. 

Let the standard coordinates on R" be denoted hy x = (x^, a;^, . . . , a;"). The partial derivative oper- 
ators in direction of the coordinates are denoted by di — d/dx^ for 1 < i < n. The set of multi- 
indices a = (ai, . . . , a„), e No, i = 1, . . . , n, is denoted by Nq , and we shall use the common notation 
D"/ = = ...(9^")°" ' where / is a function on R". As usual, let |a| = Oi -I- • • • -|- a„ be the 

order of the derivative D"/. Moreover, we put = {x^)°^ ■ ■ ■ 

For a real number a, let a+ := max(a, 0), and let [a] denote its integer part. For p G (0, oo], the number p' is 
defined by 1/p' := (1 — l/p)+ with the convention that l/oo = 0. All unimportant positive constants will be 
denoted by c, occasionally with subscripts. For two non- negative expressions (i.e., functions or functionals) 
A, B, the symbol A ^ B (or A}^ B) means that A < cB (or cA> B) for a suitable constant c. li A < B 
and A> B, we write A ^ B and say that A and B are equivalent. Given two (quasi-) Banach spaces X and 
Y, we write X ^ Y ii X C Y and the natural embedding of X into Y is continuous. 

Function spaces on R". Lp(R"), with < p < oo, stands for the usual quasi-Banach space with respect 
to the Lebesgue measure, quasi-normed by 

(^j/(x)rdxy 

with the usual modification if p = cxd. For p > 1, Lp(R") is even a Banach space. Let 'D(R") denote the space 
of smooth functions with compact support, and let 2?'(R") denote the corresponding distribution space. By 
iS(R") we denote the Schwartz space of all complex- valued rapidly decreasing infinitely differentiable functions 
on R" and by iS'(R") the dual space of all tempered distributions on R". For a rigorous definition of the 
Schwartz space and 'rapidly decreasing' we refer to |Tri83[ Section 1.2.1]. For / G 5'(R") we denote by / 
the Fourier transform of / and by the inverse Fourier transform of /. 

Let s G R and 1 < p < oo. Then the {fractional) Sobolev space i?p(R") contains all / G 5'(R") with 

cf. |Tri92l Section 1.3.2]. In particular, for k G Nq, these spaces coincide with the classical Sobolev spaces 
VFp^(R"), 

i/p^(R") = W^{R"), i.e., F°(R") = Lp(R"), 
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usually normed by 

\|a|<fc 

Furthermore, Besov spaces i?pp(R") can be defined via interpolation of Sobolev spaces. In particular, let 
{■,-)&,p stand for the real interpolation method, cf. |Tri921 Section 1.6.2]. Then for sq, si € ]&, 1 < p < oo, 
andO<e< 1, we put Bp,p(M") := (-ff^«(M"), -ff^^ (R"))^ ^ , where s = eso + (1 - 6)si- Note that 
does not depend on the choice of sq, si, 9. 

The following lemma about pointwise multipliers and diffeomorphisms may be found in |Tri921 Sections 4.2,4.3], 
where it was proven in a more general setting. 

Lemma 1. Let s G R and 1 < p < oo. 

(i) Let f £ iJp(R") and ip a smooth Junction on R" such that for all a with \a\ < [s] + 1 we have 
|D°(y5| < C|n|. Then there is a constant C only depending on s^p,n and C^a\ such that 

II'p/IIh=(r") < c\\f\\H-{R'-)- 

(ii) Let f e iJ^(R") with supp / C C/ C R" for U open and let k : V C W ^ U C M" be a diffeomorphism 
such that for all a with \a\ < [s] + 1 we have \D°k\ < C\a\ - Then there is a constant C only depending 
on s,p,n and C\a\ such that 

11/ ° '«ll-ff=(R") < C!\\f\\H^(R^)- 

Vector-valued function spaces on R". Let X'(M",F'") be the space of compactly supported smooth 
functions on R" with values in F'' where F stands for R or C and r e N . Let 2?'(R",F'') denote the 
corresponding distribution space. Then, 7Jp(R",F'') is defined in correspondence with ifp(R") from above, 
cf. [Triebel, Fractals and spectra. Section 15]. Moreover, Besov spaces p(R",F'') are defined as the spaces 
B^_p(R") from above; S^ p(R",F'') := (i?^o(R",F''),iJ^i(R",F''))g, ^ where {■r)e,p again denotes the real 
interpolation method with sq, si E M., 1 < p < oo, and < < 1 with s = Qsq + (1 — 8)si. 

Lemma 2. The norms \\ip\\H^{m^^w^) and (^X]i=i ll'<'«ll?fs(R" f)) '^'^^ equivalent where ip = [tpi, . . . ,ipr) G 
-ffp(R",F'"). The analogous statement is true for Besov spaces. 

Proof. The equivalence for Sobolev spaces follows immediately from their definition. The corresponding 

result for Besov spaces can be found in [Grol2[ Lemma 26]. □ 

Notations concerning manifolds. Before starting we want to make the following warning or excuse: For 
a differential geometer the notations may seem a little overloaded at first glance. Usually, when interested in 
equivalent norms, one merely suppresses diffeomorphisms as transition functions. This provides no problem 
when it is clear that all constants appearing are uniformly bounded - which is obvious for finitely many 
bounded charts (on closed manifolds) and also known for manifolds of bounded geometry with geodesic nor- 
mal coordinates. But here we work in a more general context where the aim is to find out which conditions 
the coordinates have to satisfy in order to ignore those diffeomorphisms in the sequel. This is precisely why 
we try to be more explicit in our notation. 

Let {AI"',g) be an n-dimensional complete manifold with Riemannian metric g. We denote the volume 
element on M with respect to the metric g by dvolg. For 1 < p < oo the Lp-norm of a compactly supported 

smooth function v G 'D{AI) is given by = (/^^ jwl^dvolg) . The set Lp{M) is then the completion 

of T>{M) with respect to the Lp-norm. The space of distributions on M is denoted by T>'{M). 

A cover {Ua)aei of M is a collection of open subsets of Ua C M where a runs over an index set /. The cover 

is called locally finite if each Ua is intersected by at most finitely many Up. The cover is called uniformly 

locally finite if there exists a constant L > such that each Ua is intersected by at most L sets CZ/j. 

A chart on Ua is given by local coordinates - a diffeomorphism Ka : x = (x^, . . . , z") G Vq C R" Ka{x) G 

Ua. We will always assume our charts to be smooth. A collection A — {Ua, Ha)aei is called an atlas of M . 
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Moreover, a collection of smooth functions {ha)aei on M with 

supp ha C Ua, < ha < 1 and ha = 1 on M. 

a 

is called a partition of unity subordinated to the cover {Ua)aei- The triple T := {Ua, ha)aei is called a 
trivialization of the manifold M . 

Using the standard Euclidean coordinates x = (x^, . . . , a;") on Va C M", we introduce an orthonormal 
frame (e")i<i<„ on TUa by ef := {K,a)*{di). In case we talk about a fixed chart we will often leave out 
the superscript a. Then, in those local coordinates the metric g is expressed via the matrix coefficients 
9ij{~ 9?j) '■'^a defined by gij o — g{ei,ej) and the corresponding Christoffel symbols T^j —{ "Ff^) : 
— >■ M are defined by Vg^e^ = (F^^ o K^^)efc where denotes the Levi-Civita connection of {M,g). In 
local coordinates, 

r':j = lg''\djgu+digji-digij) (4) 

where g^^ is the inverse matrix of gij. U a,(3 € I with UaCiU^ ^ 0, we define the transition function 
Ma/3 = o Ka : K^^CC/a H Up) -)■ K'^^{Ua H J/^j). Then, 

5g.(a;) = 5iM^^(ar)a,ML^(a;)fff;(Ma^(a;)). (5) 

Example 3 (Geodesic normal coordinates). Let {M'^,g) be a complete Riemannian manifold. Fix z S 
M and let r > be smaller than the injeetivity radius of M. For v G Tf^M := {w e T^M | gz{w,w) < r^}, 
we denote by Ct, : [—1,1] — > M the unique geodesic with Cv{0) — z and c^(0) = v. Then, the exponential map 
exp^ : Tf^M — M is a diffeomorphism defined by exp^ (v) := c^(l). Let S = {pa}aei be a set of points 
in M such that (C/|®° := -Br(Pa))ae/ covers M. For each Pa we choose an orthonormal frame of Tp^M and 
call the resulting identification A„ : K" ^- Tp^M. Then, A^''° = {Ug'°,Kf° = exp^ oAa : yjoo _ ^ 
U^°)aei is an atlas of M - called geodesic atlas. (Note that equals the tangent map {dK^°)~^ at pa-) 

Notations concerning vector bundles. Let S be a hermitian or Riemannian vector bundle over a Rie- 
mannian manifold (Af", g) of rank r with fiber product (., .) e and connection : T(TM) ® T{E) — > T{E). 
Here F always denotes the space of smooth sections of the corresponding vector bundle. We set F = R if i? 
is a Riemannian vector bundle and F = C if S is hermitian. 

Let A = {Ua,Ka : Va Ua)aei bc an atlas of {M,g) and let C„ : C/„ x F*" ^ ^l^c be local trivializations 
of E. Note that here 'trivialization' has the usual meaning in connection with the ordinary definition of a 
vector bundle. We apologize that in lack of a better notion we also call T a trivialization but hope there will 
be no danger of confusion. We set £_a ■= Ca ° {^a x Id) : x F*" — > E\u^ ■ We call Ae = (C^a. i^a, £,a)a£i an 
atlas of E. In case we already start with a trivialization 7" — (Ua, i^a, ha)aGi on , Te — (Ua, ^a, ^a, ha)a^i 
is called a trivialization of E. 

Let y = {y^,...,y'^) be standard coordinates on F'' and let (dp := be the corresponding local 

\ "y J l<p<r 

frame. Then, ep(p)(= e"(p)) ^q, (^K~^{p),dp) form a local frame of Ep for p e Ua- As before, we suppress 
a in the notation if we talk about a fixed chart. In those local coordinates, the fiber product is represented 
by hp„ := {ep,ea)E o /t„ : — >■ F. Hence, if (fi,tp G r{E\u^) we have for = ip^Cp and ip = ip'^ea that 

{(p,tp)E = {hpa O Ka^)ipPtp'', 

where a denotes the complex conjugate of a. Let Christoffel symbols T^p F for be defined by 

"^fi^p = (^ip ° '^a ^) e<T, where Cj = (Ka)*di. If the connection V-^ is metric, i.e., ei{e„, Cp) e = (Vf^Co-, e^) e+ 
{ea,Weiep)E, we get 

d^h^^ = Tlhrp + TP^^hp^. (6) 

For all a, E I with Ua C) Up ^ 0, transition functions [lap ■ Ka^(Ua H Up) — > GL(r, F) are defined by 
ip^ ° iaixju) = (iJ'ap(x), fiai3(x) ■ u). Here, GL(r,F) denotes the general linear group of F-valued r x r 
matrices. 
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Flows. Let x'{t) = F{t,x{t)) be a system of ordinary differential equations with t gM., x{t) G R" and F £ 
C°°(M X M", E"). Let the solution of the initial value problem x'{t) = F{t, x{t)) with a;(0) = a;o G K" be de- 
noted by Xa:„ (t) and exist for < i < to{xo). Then, the flow $ : dom C M x R" -> R" with dom C {{t,x)\0 < 
t < toix)} is defined by $(t,a;o) = x^„{t). Higher order ODE's x^'*) (i) = F{t,x{t), . . . ,x'^'^-'^\t)) can be trans- 
ferred back to first order systems by introducing auxiliary variables. The corresponding fiow then obviously 
depends not only on xq = x{0) but the initial values x{0),x'{0), . . . , x'^'^^^^O): <^{t,x{0), . . . , x^'^^i) (0)). 

Example 4 (Geodesic flow). Let {M",g) be a Riemannian manifold. Let z G M, v G TzM. Let k : V C 
R" — !■ J7 C Af be a chart around z. The corresponding coordinates on V are denoted by a; = {x^, . . . ,x"). 
We consider the geodesic equation in coordinates: i*^ = —T^jX^x^ with initial values a:(0) — k,~'^{z) G R" and 
x'{0) = K*{v){= dK~^{v)). Here F^^ are the Christoffel symbols with respect to the coordinates given by k. 
Let x{t) be the unique solution and ^{t,x{0),x'{0)) denotes the corresponding fiow. Then, c^(i) = K{x{t)) 
is the geodesic described in Example [3] and exp^^(w) = k o cf)(l, k~^{z), k* (v)). 

Lemma 5. [SchOll Lemma 3.4 and Corollary 3.5] Let x'{t) = F{t,x{t)) be a system of ordinary differential 
equations as above. Suppose that is the fl.ow of this equation. Then there is a universal expression 

Expr^j only depending on the multi-index a .such that 

|D;$(t,a;o)| <Expr„ f sup | 

\0<T<t ^ 

for all t > where xq) is defined. Moreover, a corresponding statement holds for ordinary differential 
equations of order d. 

3. SOBOLEV SPACES ON MANIFOLDS OF BOUNDED GEOMETRY 

From now on let M always be an n-dimensional manifold with Riemannian metric g. 

Definition 6. jShui Definition A.f .f ] A Riemannian manifold (M", g) is of bounded geometry if the following 
two conditions are satisfied: 

(i) The injcctivity radius rf,[ of (M, g) is positive. 

(ii) Every covariant derivative of the Riemann curvature tensor of Ad is bounded, i.e., for all fc G No 
there is a constant Cfc > such that |(V*^)''i?^^|g < Cfc. 

Remark 7. i) Note that Definition [6^1) implies that M is complete, cf. jEic07[ Proposition 1.2a]. 

ii) |Shu| Definition A. 1.1 and below] Property (ii) of Definition |6] can be replaced by the following equivalent 
property which will be more convenient later on: Consider a geodesic atlas A^^° = {U^^°, K^°)aei as in 
Example [H For all fc G N there are constants Ck such that for all a, /? G / with U^'^° n t/|''° 7^ we have for 
the corresponding transition functions fj-a/s := (k^")^^ ° that 

D"^Q/3| < Ck, for all a G Nq with |a| < k and ah charts. 

iii) |Eic91[ Theorem A and below] Consider a geodesic atlas A^°° as above. Let gij denote the metric in 
these coordinates and g^^ its inverse. Then, property (ii) of Definition |6] can be replaced by the following 
equivalent property: For all fc G No there is a constant Ck such that 

|D"g,y l < Ck, \B"g'^\ < Ck, for ah a G NJf with \a\ < k. (7) 

Example 8 (Geodesic trivialization). Let {M,g) be of bounded geometry (this includes the case of 
closed manifolds). Then, there exists a geodesic atlas, see Example [3l that is uniformly locally finite: 
Let S* be a maximal set of points {pa}aGi C M such that the metric balls Bn{pa) are pairwise disjoint. 
Then, the balls {Br{pa)}a£i cover M, and we obtain a (uniformly locally finite) geodesic atlas ^^co _ 
(t/|®° := Br{pa), K^°)aei)- For an argument concerning the uniform local finiteness of the cover we refer 
to Remark [23lii. Moreover, there is a partition of unity subordinated to (J7|°°)Qg/ such that for all 
A: G No there is a constant Ck > such that \D°{hl°° o k|™)] < Ck for ah muhi-indices a with Jo] < fc, 
cf. |Tri92( Proposition 7.2.1] and the references therein. The resulting trivialization is denoted by 7"^°° = 
{U^° , ,h^°)aei and referred to as geodesic trivialization. 



DiF{T,<^{T,xn)) I a' <a, t 
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3.1. Sobolev norm on manifolds of bounded geometry using geodesic normal coordinates. On 

manifolds of bounded geometry it is possible to define spaces H^{M) using local descriptions (geodesic nor- 
mal coordinates) and norms of corresponding spaces iJp(R"). 



Definition 9. Let {M'^,g) be a Riemannian manifold of bounded geometry with geodesic trivialization 
j-gco ^ (^gco^^gco^^gco)^^^ g^^^^ Furthermore, let s G R and 1 < p < oo. Then the space H^iM) 
contains all distributions / G V'{M) such that 

fElK'^"°/)°'^ril?,.(K.))' (8) 

is finite. Note that ahhough Kg™ is only defined on VJ^™ C R", o is viewed as a function on R" 

extended by zero, since supp {h^°f) C 

Remark 10. The spaces Hp{M) generalize in a natural way the classical Sobolev spaces Wp{M), k G 
No, 1 < p < oo, on Riemannian manifolds M: Let ||/||H/fc(M) •= Eto l|V7llL,(Af), then W^{M) is the 
completion of V{M) in the VF^ (M)-norm, cf [Aub76) . |Aub82) . As in the Euchdean case, on manifolds M 
of bounded geometry one has the coincidence 

W^{M)^H^iM), AeNo, l<p<oo, (9) 

cf fE92l Section 7.4.5]. 

Alternatively, the fractional Sobolev spaces Hp (M) on manifolds with bounded geometry can be characterized 
with the help of the Laplace-Beltrami operator, cf. |Tri921 Section 7.2.2 and Theorem 7.4.5]. This approach 
was originally used by [Str83 and later on slightly modified in |Tri921 Section 7.4.5] in the following way: Let 
1 < p < oo and p > 0. Let s > 0, then Hp{M) is the collection of all / e Lp{M) such that / = {pld-A)^''/'^h 
for some h e Lp{M), with the norm ||/||i/s(M) = ||/i||Lp(Af)- Let s < 0, then Hp{M) is the collection of all 
/ e V'{M) having the form / = (pId-A)'/i with h € H^'+''{M), where I e N such that 2Z + s > 0, and 
\\f\\H;iM) = l|/i||^-+=(M)- Let s = 0, then H^{M) = Lp{M). 

In particular, the spaces Hp{M) with s < are independent of the number / appearing in their definition in 
the sense of equivalent norms, cf |Str831 Definition 4.1]. The additional parameter p > used by Triebel 
ensures that ([9]) also holds in this context as well. In particular, for 2 < p < oo one can choose p = 1, cf 
[lH92| Rem. 1.4.5/1, p. 301]. 

Technically, it is possible to extend Definition 1^] to the limiting cases when p = 1 and p = oo. However, 
already in the classical situation when M = R" the outcome is not satisfactory: the resulting spaces i?p(R") 
have not enough Fourier multipliers, cf. |Tri921 p. 6, p. 13], and there is no hope for a coincidence in the 
sense of Therefore, we restrict ourselves to 1 < p < oo, but emphasize that the boundary cases are 
included in the outlook about F- and B-spaces in Section 16.21 



3.2. Sobolev norms on manifolds of bounded geometry using other trivializations. For many 
applications the norm given in (|8]) is very useful. In particular, it enables us to transfer many results known 
on R" to manifolds M of bounded geometry. The choice of geodesic coordinates, however, often turns out 
to be far too restrictive if one needs to adapt the underlying coordinates to a certain problem, e.g., to 
submanifolds N of M in order to study traces. Therefore, in order to replace the geodesic trivializations in 
([5]) we want to look for other 'good' trivializations which will result in equivalent norms (and hence yield 
the same spaces). 

Definition 11. Let (M", g) be a Riemannian manifold together with a uniformly locally finite trivialization 
T — {Ua, Ka, ha)aei ■ Furthermore, let s e R and 1 < p < cxo. Then the space Hp''^{M) contains all 
distributions / e 'D'{M) such that 



\aei ) 
is finite. Here again (haf) o Kq, is viewed as function on R", cf (jH]) and below. 
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In general, the spaces Hp^{M) do depend on the underlying trivialization T- One of our main aims will be 
to investigate under which conditions on 7" this norm is equivalent to the i7p(M)-norm. For that we will 
use the following terminology. 

Definition 12. Let {M",g) be a Riemannian manifold of bounded geometry. Moreover, let a uniformly 
locally finite trivialization 7" = (Ua, Ha, ha)a<£i be given. We say that T is admissible if the following 
conditions are fulfilled: 

(Bl) A = {Ua, Ka)a£i IS Compatible with geodesic coordinates, i.e., for A^''° = {U^'^° , k^°)i3£j being a 
geodesic atlas of M as in Example [3] there are constants Ck > for fc G No such that for all a G / 
and /3 e J with Ua n U^"" ^ and all o G NJf with |a| < fc 



and 



(B2) For all fc G N there exist Cfc > such that for all a G / and all multi-indices a with |o| < fc 

\D°{ha O Ka)\ < Ck- 

Remark 13. 

i) If (Bl) is true for some geodesic atlas, it is true for any refined geodesic atlas. This follows immediately 
from Remark [Tlii. 

ii) Condition (Bl) implies in particular the compatibility of the charts in T among themselves, i.e., for all 
fc G No there are constants Ck > such that for all multi-indices a with |a| < fc and all a,/3 G / with 
UaCiU/^ ^ we have |D''(/t~-^ ok^)| < Ck- This is seen immediately when choosing z G C/q fl t/^, considering 
the exponential map Kf°° around z, applying the chain rule to D°{k~^okp) = D"((k^^ok|''°)o((k|™)~1ok^)). 
The same works for charts belonging to different admissible trivializations. 

Theorem 14. Let {M,g) be a Riemannian manifold of bounded geometry, and let T ~ {Ua, Ha, ha)a&i be 
an admissible trivialization of M - Furthermore, let s G M and 1 < p < oo- Then, 

Hf{M) = h;{m), 

i-e., for admissible trivializations of M the resulting Sobolev spaces Hp'^{M) do not depend on T. 

Proof- The proof is based on pointwise multiplier assertions and diffeomorphism properties of the spaces 
-ffp(M"), see Lemma[T] Let T — {Ua, Ha, ha)a^i be an admissible trivialization. Let a geodesic trivialization 
j-gco _ {Up'^°,Kp^°,hp^°)j3^j of M, see Example |S1 be given. If a G / is given, the index set A{a) collects 
all /3 G J for which Ua H Up°° ^ 0. The cardinality of A{a) can be estimated from above by a constant 
independent of a since the covers are uniformly locally finite. 
We assume / G Hp{M). By Lemma [1] and Definition [T2] we have for all a G / 



\\{haf) O Ka\\H^(M") 



^ {hahf°f) O Ka 



/3eA(a) 



goo 
73 



HI 



geo 

«/3 



In particular, the involved constant can be chosen independently of a. Then 



[Y.\\^haf)o^a\\.^^.\ <( E ii('^r/)°<°ii?.^(R")) 

\ael / \a£l,BeA(a) I 



(M) 



iei,peA{a) 

where the last estimate follows from J2aGi i3eA(a) ~ X^^gJ qgA(0) ^^'^ ^^"-^ that the covers are uniformly 
locally finite. The reverse inequality is obtained analogously. Thus, H^'^{M) = H^{M)- □ 

In view of Remark [Tjiii, we would like to have a similar result for trivializations satisfying condition (Bl). 



Lemma 15. Let (M, g) he a Riemannian manifold with positive injectivity radius, and let T = {Ua, Ha, ha)a<=i 
be a uniformly locally finite trivialization. Let gij be the coefficient matrix of g and g''^ its inverse with respect 
to the coordinates Kq. Then, {M,g) is of bounded geometry and T fulfills (Bl) if, and only if, the following 
is fulfilled: 

For all /c G No there is a constant Cfe > such that for all multi-indices a with |a| < fc, 

|DVj|<Cfe and |DV''l<Cfc (10) 

holds in all charts Ka. 

Proof. Let (fTO)) be fulfilled. Then, (M, g) is of bounded geometry since R^^ in local coordinates is given 
by a polynomial in gij, g^^ and its derivatives. Moreover, condition (Bl) follows from [ScliOl, Lemma 3.8] 
- we shortly sketch the argument here: Let r*i^ denote the Christoffel symbols with respect to coordinates 
Ka for a e I. By (gl) and (HO]), there are constants C'k > for fc G No such that |DT*j| < Ck for 
all a S / and all a G Nq with |a| < k. Moreover, fix r > smaller than the injectivity radius of M. Let 
^gco _ {Up'^° = Br{p^°), K^p°)i3,^j be a geodesic atlas of M where r > is smaller than the injectivity radius. 
We get that (k^)^^ ° k^°{x) — <i>(l, n^^ipis), k* (A/3(x))) where $ is the geodesic flow. Then, together with 
Lemma [5] it follows that (kq)^^ o and all its derivatives are uniformly bounded independent on a and 
13. Moreover, note that {Kf°)~^ o k„ : K~^{Ua D Uf°) C ^ {Kf°)-\Ua, n Uf°) C B^ is bounded by r. 
Hence, together with the chain rule applied to ((k|°°)"^ o Ka) o ((kq,)~^ o k|°°) = Id condition (Bl) follows 
for all (a, /?). 

Conversely, let {M,g) be of bounded geometry, and let condition (Bl) be fulfilled. Then, by Remark [Tjiii 
and the transformation formula ([Sj for a E I and /3 E J, condition pO)) follows. □ 

3.3. Besov spaces on manifolds. Similar to the situation on M" we can define Besov spaces on manifolds 
via real interpolation of fractional Sobolev spaces H^{M). 

Definition 16. Let {M,g) be a manifold of bounded geometry. Furthermore, let sq, si G M, 1 < p < oo and 
< e < 1. We define 

B;JM) := (Hp^"(M),i/^^H^/))e,p' (11) 

where s = Qsq + (1 — 8)si. 

Remark 17. The fractional Sobolev spaces 77^* (M) appearing in Definition \W\ above should be understood 
in the sense of Definition 1111 For the sake of simplicity we restrict ourselves to admissible trivializations 
T when defining Besov spaces on M . This way, by Theorem I14[ we can omit the dependency on the 
trivializations T from our notations in [TT] since resulting norms are equivalent and yield the same spaces. 
Note that our spaces are well-defined since (jlip is actually independent of sq and si. An explanation is given 
in |Tri92i Theorem 7.3.1]. Furthermore, an equivalent norm for / G B^p{M) is given by 



\\f\KMI)=\ll\\^^o.f)oKarB. . (12) 



We sketch the proof. By £p(Hp) we denote the sequence space containing all sequences {fa}aei such that 
the norm 

VqG/ / 

is finite, similar for ip{Bp p) with obvious modifications. Let A{a) = {/3 G / | n ^ 0}, and let 
Aq, — (^^(zA(a) ^13^ ° '^o'- define a linear and bounded operator 

via 

A{fp}^^j = J2iA/3fp)oK-\ 
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where (A^/^) o is extended outside Up by zero. Furthermore, we consider 

^ : h;{m) ^ epiH;{R^)), 

given by 

*(/) = {(haf) ° Ka}ael 
which is also a hnear and bounded operator. In particular, we have that 

Ao^' = Id (identity in Hp{M)). 

Having arrived at a standard situation of interpolation theory we use the method of retraction/coretraction, 
of. |Tri78[ Theorem 1.2.4], reducing to the question whether 

= ^p((i?;°,^;Oe,p)' (13) 

for 1 < p < oo. So, si e R, < 6 < 1, and s = 6so + (l-6)si, which can be found in |Tri781 Theorem 1.18.1]. 
Since by definition of Besov spaces the right hand side of coincides with £p{Bpp), this proves (IT^ . 

4. Coordinates on submanifolds and Trace Theorems 

From now on let N'^ C Af" be an embedded submanifold, meaning, there is a fc-dimensional manifold N' and 
an injective immersion f : N' ^ M with f{N') ~ N . The aim of this section is to prove a Trace Theorem 
for M and N . We restrict ourselves to submanifolds of bounded geometry in the following sense: 

Definition 18. Let (Af", 5) be a Riemannian manifold with a /c-dimensional embedded submanifold [N^ ,g\M)- 
We say that (M, N) is of bounded geometry if the following is fulfilled 

(i) (M, g) is of bounded geometry. 

(ii) The injectivity radius of {N,g\N) is positive. 

(iii) There is a collar around N (a tubular neighbourhood of fixed radius), i.e., there is rg > such that 
for all x,y G N with x ^ y the normal balls B^^{x) and B^^{y) are disjoint where 

^ra(^) {-^ ^ I distM{x,z) < rg,3eoVe < Eq : distM{x,z) — distM{B^ {x),z)} 
with 

B^{x) = [ueN \ distN{u,x) < e} 

and distM and distjsi denote the distance func- 
tions in M and iV, respectively. 

(iv) The mean curvature / of N given by 

1{X, Y) := V^y - V^y for ah X, F £ TN, 

and all its covariant derivatives are bounded. Here, V*^ is the Levi-Civita connection of (Af, g) and 
the one of {N,g\N). 

Remark 19. 

i) If the normal bundle of A'' in Af is trivial, condition (iii) in Definition [TH] simply means that {z £ 
M I distM{z,N) < tq] is diffeomorphic to B"^"^ x A^. Then 

F : B';-^ X N ^ M; {t, z) expf (tV,) 

is a diffeomorphism onto its image, where {t^ , ...,t"-'') are the coordinates for t with respect to 
a standard orthonormal basis on R""*^ and {i^i, . . . , Vn-k) is an orthonormal frame for the normal 
bundle of N in M. 

If the normal bundle is not trivial (e.g. consider a noncontractible circle A^ in the infinite Mobius 
strip Af), F still exists locally, which means that for all a; e A^ and e smaller than the injectivity 
radius of A^, the map F : B"~'' x B^ {x) M; {t,z) 1— )• exp^^ (iV^) is a diffeomorphism onto its 
image. All included quantities are as in the case of a trivial vector bundle, but i>i is now just a 
local orthonormal frame of the normal bundle. By abuse of notation, we suppress here and in the 
following the dependence of _F on e and x. 
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ii) The illustration below on the left hand side shows a submanifold iV of a manifold M that admits a 
collar. 

On the right hand side one sees that for M — the submanifold N describing the curve which for 
large enough x contains the graph of x ^ x^^ together with the a;- axes does not have a collar. This 
situation is therefore excluded by Definition [151 However, to a certain extend, manifolds as in the 
picture on the right hand side can still be treated, cf. Example [21] and Remark [311 



11 . 




iii) Although our notation (M, N) hides the underlying metric g, this is obviously part of the definition 
and fixed when talking about M . 

iv) If is the boundary of the manifold M, the counterpart of Definition [THl can be found in [SchOli 
Definition 2.2], where also Fermi coordinates are introduced and certain properties discussed. In 
Section 14.11 '^s adapt some of the methods from jSchOlj to our situation. Note that the normal 
bundle of the boundary of a manifold is always trivial, which explains why in [SchOU Definition 2.2] 
condition (iii) of Definition [T8l reads as in Remark [T9li. 

4.1. Fermi coordinates. In this subsection we will introduce Fermi coordinates, which are special coordi- 
nates adapted to a submanifold N of M where (M, N) is of bounded geometry. The resulting trivialization 
is used to prove the Trace Theorem in Section 14.21 

Definition 20 (Fermi coordinates). We use the notations from Definition [T8l Let {M",N'^) be of 
bounded geometry. Let R — min {^r^f, jTm, ^fd}i where rjv is the injectivity radius of N and tm the one 
of AI. Let there be countable index sets In C I and sets of points {p^ and {Pi3}p(£i\iH in N and 

M \ Uii{N), respectively, where Ur{N) := UxenB^ (x). Those sets are chosen such that 

(i) The collection of the metric balls {B^{p^))a£i„ gives a uniformly locally finite cover of N. Here 
the balls are meant to be metric with respect to the induced metric g\N- 

(ii) The collection of metric balls {BB.{Pi3))j3ei\iN covers M \ Ub.{N) and is uniformly locally finite on 
all of M. 

We consider the covering 

{U^)jei with = Br{p^) for 7 G / \ /at and = U^n := F{B'^j^^ x B^^{p^)) 
with 7 S /at . Coordinates on are chosen to be geodesic normal coordinates around for 7 S / \ /a? . 
Otherwise, if 7 G /at, coordinates are given by Fermi coordinates 

: Vp. := B^j,'' X B^j, ^ Up. , (i, x) ^ exp^p„^ ^^^^^^^ (iV,) (14) 

where (f^, . . . , t"^'^') are the coordinates for t with respect to a standard orthonornial basis on M"^*^, 
{vi, . . . jVn-k) is an orthonormal frame for the normal bundle of i?^(p:^) in M, exp^ is the exponen- 
tial map on N with respect to the induced metric g\N, and A;^ : M*^ — >■ T^nN is the choice of an orthonormal 
frame on T^n N . 

11 



Before giving a remark on the existence of the points {p-yj^g/ claimed in the Definition above, we prove two 
lemmata. 

Lemma 21. Let (M'^,N^) be of bounded geometry, and let C > be such that the Riemannian curvature 
tensor fulfills < C and mean curvature of N \l\ < C. Fix z d N and R as in Definition \2(h Let 

U = F{B2^ X B^jiiz)), and let a chart k for U be defined as above. Then there is a constant C" > only 
depending on C , n and k, such that \gij \ < C and \g^^ \ < C where gij denotes the metric g with respect to 

K. 

Proof. For N being the boundary of M this was shown in [SchOll Lemma 2.6]. We follow the idea given 
there and use the extension of the Ranch comparison theorem to submanifolds of arbitrary codimension given 
by Warner in |Wa661 Theorem 4.4]. For the comparison, let Mc and M-c be two complete n-dimensional 
Riemannian manifolds of constant sectional curvature C and — C, respectively. In each of them we choose 
a /c-dimensional submanifold Nc and A^_c, points p±c G N±c and a chart of M±c around p±c given by 
Fermi coordinates such that all eigenvalues of the second fundamental form with respect to those coordinates 
at p±c are given by ±C (this is always possible, cf. |SpIV[ Chapter 7]). Let {iyi)i<i<n-k be an orthonormal 
frame of the normal bundle of C/ n TV and {ei)i<i<k be an orthonormal frame of T\unNN obtained via 
geodesic flow on N. Let the frame (z^i, . . . , I'n-k, ei, e^) be transported to all of U via parallel transport 
along geodesies normal to - the transported vectors are also denoted by and e^, respectively. 
Then, we are in the situation to apply jWa66[ Theorem 4.4]: Let now p € U and v € TpU with w _L t'i for 
all 1 < i < n — fc. Then, the comparison theorem yields constants Ci, C2 > 0, depending only on C, n, and 
fc, such that Ci\vW < gp{v,v) < C2|w||;, where |.|_e denotes the Euclidean metric with respect to the basis 
{ci). Moreover, we have gp{vi^Vj) — Sij and gp{vi,ei) = for all 1 < i,j < n — k and 1 < I < k, since 
this is true for p E U Cl N , and this property is preserved by parallel transport. Altogether this implies the 
claim. □ 

The previous lemma enables us to show that (N, gl^) is also of bounded geometry. 

Lemma 22. // (M, N) is of bounded geometry, then (N, gljv) is of bounded geometry. 

Proof. Since Definition 1181 already includes the positivity of the injectivity radius of N, it is enough to show 
that (V^)'^i?^, where R^ is the Riemannian curvature of {N,g\i\f), is bounded for all k g Nq: 
Let z € N . We consider geodesic normal coordinates k^°° : i?2/j — > IJ^°° ~ on N around z and Fermi 

coordinates k : B'^^*" x B^j^ ^ U = F{B:^^^ x on M around z, cf. Definition [20l Let gij be the 

metric with respect to the coordinates given by k, and let g^^ be its inverse. Since M is of bounded geometry. 
Lemma [5T] yields a constant C independent on z such that we have \gij\ < C and \g'^-'\ < C. Together with 
the uniform boundedness of i?*^, / and their covariant derivatives, we obtain that their representations 
^ijki^ ^rs and their derivatives in the coordinates given by n are uniformly bounded for all 1 < i, j, k,l < n, 
n — k + l<r,s<n — k. Then the claim follows by the Gauss' equation |SpIV[ p. 47], 

giR^iU, V)W, Z) = g{R'^\U, V)W, Z) + g{l{U, Z), 1{V, W)) - g{l{U, W),l{V, Z)) for all U, V,W,Z <a TN, 
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and the formulas for covariant derivatives of tensors along A^. We refer to |Scli011 Lemma 2.22], where 
everything is stated for hypersurfaces but the formulas remain true for arbitrary codimension subject to 
obvious modifications. □ 



Remark 23. i) By construction the covering is uniformly locally finite and {U!y :— D N,Ki^ ~ 

Kj\^^ii^jj,-^)~^£i„ gives a geodesic atlas on N. Moreover, none of the balls Bii{pp) with (3 I\In intersects 
N. 

ii) Existence of points and as claimed in Definition [2D] (note that the proofs of Lemmas [H] and [H] 
only use the definition of Fermi coordinates on a single chart and the existence of the points p^ and p/j): We 
choose a maximal set {p^ }aeiN of points in N such that the metric balls B^{p^ ) are pairwise disjoint. Then, 

2 

the balls B^{p^ ) cover N. Since by Lemma[22]the submanifold {N, gl^) is of bounded geometry, the volume 
of metric balls in N with fixed radius is uniformly bounded from above and from below away from zero. Let 
a ball B2jf{Pa) be intersected by L balls -B2K(Pa')- Then the union of the L balls S2J?,(-Pq') forms a subset 
of B^jj{p^). Comparison of the volumes gives an upper bound on L. Hence, the balls in {B2jf{Pa))aeiN 
cover N uniformly locally finite. Moreover, choose a maximal set of points {P/3}/3e/\/jv C Af \ Uu{N) such 
that the metric balls Br (p^) are pairwise disjoint in AI. Then the balls Bjiipp) cover M \ Uii{N). Trivially 
the balls Bji{pj3) for /3 I \Ipf cover [JB^{pf}), and by volume comparison as above this cover is uniformly 
locally finite. 

Lemma 24. The atlas [U^, k.^)^<^i introduced in Definition \20\ fulfills condition (Bl). 

Proof. For all 7 G I \ In the chart is given by geodesic normal coordinates and, thus, condition (Bl) 
follows from Remark [Tlii. 

Let now 7 £ /jy. Then the claim follows from |Sch01| Lemma 3.9]. We sketch the proof. Consider a chart 
(B^Rip^), kS™) in M and a chart (B^nip^) 

^ ^JV,geo^ in (N,g\]\j) both given by geodesic normal coordinates 
around p^ for a € In- Note that 4i? < tm by Definition [20l 

Let $2 be the geodesic flow in {N,g\N) with respect to the coordinates given by k^'^°°, cf. Example S) Let 
$1 be the corresponding geodesic flow in (M, g) given by k^^° . Then, $2(1, 0, x) — (k^'S''°)~^ oexp^ (A^ {x)) 
and by Ha{t,x) = ^8^=° o $i(l, $2(1, 0, a;), (KS™)*(tVj)) with t = (t^, . . . , t"-^) £ . Since {M,g) is 
of bounded geometry, the coefficient matrix gij of g with respect to its inverse and all its derivatives are 
uniformly bounded by Moreover, by Lemma [22] (N. qIm) is also of bounded geometry and, thus, we get 
an analogous statement for the coefficient matrix of g\N with respect to k^'^'^°. Hence, applying Lemma[5]to 
the differential equation of the geodesic flows, see Example [4] and we obtain that (kS°°)-i o Ka and all its 
derivatives are bounded independent on a. Conversely, (kq)^^ o k^°° : (kSco-j-i q ^0^(5^"*^ x Bl^j^) C 
■^2R^ ^^2R bounded independent on a. Hence, by using the chain rule on ((KQ,)~^oKS°°)o((KS™)^ioKa) — 
Id one sees that also the derivatives of (kq)~^ o k^'^° are uniformly bounded, which gives the claim. □ 

Lemma 25. There is a partition of unity subordinated to the Fermi coordinates introduced in Definition \20[ 
fulfilling condition (B2). 

Proof. By Lemma |221 {N,g\N) is of bounded geometry. Then, by Example [HI there is a partition of unity 
h'^ subordinated to a geodesic atlas (C/^ := UaC] N — i?|^(p^),K'^ = KqI^-Ij-^, j)c<g/„ of such that for 

each a G N§ the derivatives D''(ft,^ o k'^) are uniformly bounded independent of a. Since by construction the 

balls B^ {p^ ) already cover N the functions h'^ can be chosen such that supp h'^ C B^ {p^ ) . 

Choose a function ^p : K"^*^ [0, 1] that is compactly supported on B^^z/' C K"^*^ and V'Ir"-'= = 1- Set 

ha = {ip 'X [h'a o k'o)) o on Ua and zero outside. Then, supp ha C Ua and all T)"{ha o Ka) are uniformly 
bounded by a constant depending on |a| but not on a G In- 

Let S C M be a maximal set of points containing the set {p/3}i3ei\iN Definition 1201 such that the metric 
balls in {Br{p)}p^s are pairwise disjoint. Then (-Bj?(p))pes forms a uniformly locally finite cover of M. We 
equip this cover with a geodesic trivialization {Br{p), h^'^°)p^s, see Example[51 For /3 G / \ /at we have 
by construction K/3 = k|™ and set 

0, else. 
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Next, we will argue that all hp are smooth: It suffices to prove the smoothness in points x E M on the 
boundary of 0}- For all other x smoothness follows by smoothness of the functions 

and h^'^°. Let now a; G M as specified above. Then X]/3'g/\/jv ~ ^ ^'^^i thus, x G Ur{N) (cf. 

Remark [221 ii)- Together with -i/jj^n-fc = 1 this implies that for e small enough there is a neighbourhood 
Bg{x) C Uii{N) such that J^aei ^a{y) — 1 for all y e B^{x). Thus, hp\B,(x) — and hf^ is smooth in x for 
all^e/\/iv- 

Moreover, by construction X]^e/\/jv ^ '^aein ~ ^' Hence, {h^)j^i gives a partition of unity subor- 
dinated to the Fermi coordinates. The uniform boundedness of all D°(hp o Kp) follows from the uniform 
boundedness of all D°(/iq o Ka), D°(/i|™ o Kp/), D°(k~^ o Kp) and D°((k^')~^ o Kp) together with Remark 

unin. ^ □ 

Collecting the last two lemmata we obtain immediately: 

Theorem 26. Let (M, N) be of bounded geometry. Let J'^'^ he a trivialization M given by Fermi coordinates 
as in Definition \20\ toaether with the subordinated partition of unity of Lemma \25\ Then, J'^^ is an admissible 
trivialization. 

4.2. Trace Theorem. Let {M'^,g) be a Riemannian manifold together with an embedded submanifold N'^ 
where k < n. For / G 'D{M) the trace operator is defined by pointwise restriction, 

Trjv/ 

Let X{M) and Y{N) be some function or distribution spaces on M and N, respectively. If Tr^r extends to 
a continuous map from X{AI) into Y{N), we say that the trace exists in Y{N). If this extension is onto, we 
write TinX{M) = Y{N). 

For fractional Sobolev spaces on manifolds we have the following trace result. 

Theorem 27. Let (M^-^g) be a Riemannian manifold together with an embedded k-dimensional submanifold 
N. Let {AI,N) be of bounded geometry. If 1 < p < oo and s > then Ttj\i is a linear and bounded 

operator from Hp{AI) onto Bp^p ^ {N), i.e., 

Ttn H;{M) = BlTp^ [N). (15) 

Remark 28. For (M, N) {W\ M'') this is a classical result, cf. |Tri83[ p. 138, Remark 1] and the references 
given therein. Here we think of R'' = {0}""'' xM.^ C M". Furthermore, in |Tri83[ p. 138, Remark 1] it is 
also shown that Trjjt has a linear bounded right inverse - an extension operator Exrh . 
Note that Trgfe respects products with test functions, i.e., for / G i/p(R") and 77 G V{W^) we have Trgt (77/) = 
jylRfcTrRfc /. Moreover, if k is a diffeomorphism on R" such that k(]R''') = R*^, then Tr^k (/ok) = Tr^fc f oK.\^k. 

Proof of Theorem \27\ Via localization and pull-back we will reduce to the classical problem of traces 
on hyperplanes M*-' in R". The proof is similar to [Skr901 Theorem 1], but the Fermi-coordinates enable us 
to drop some of the restricting assumptions made there. 

By Theorem l26l we have an admissible trivialization T = {Ua, Ha, ha)aei of M by Fermi coordinates and the 
subordinated partition of unity from Lemma BSl Moreover, by the construction of the Fermi coordinates it 
is clear that k'^^{N n UpN) = {0}"^'^ x and, thus, their restriction to TV gives a geodesic trivialization 
7-W.gco ^ (j;^ p := /io|c/Jae/„ of N. 

1. Step: Let / G Hp{M). We define the trace operator via 

(TrAr/)(a;) :== ^ Tr^fc [{haf) o k^] o (k^)"^(x), x G N. 

Note that TrAr is well-defined since (haf) o Ka e i/p(R") and supp Trgk ((/i^/) o Ka) C = Va H M'". 
Moreover, for fixed x E N the summation is meant to run only over those a for which x £ U'a- Hence, the 
summation only runs over finitely many a due to the uniform locally finite cover. Obviously, Tr^v is linear 

and TrN\x)(M) is given by the pointwise restriction. In order to show that Tr^v : Hp{M) Bp,p " (N) is 
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bounded, we set ^1(0;) {/3 ^ In \ UaDUp 0}. Since the cover is uniformly locally finite, the number of 
elements in A{a) is bounded independent of a. Together with Lemma [T] and Remark 1281 we obtain 



^ ||(/tflOKa)(TrRfc [(/ta/)oKa]o \{k'J~^ O Kg]) f ^ 

peiN-.aeAip) -Bp.p " ( 

llTrRfc [{hghnf) O Kg] O |"«)~^ O Kg] f ^ 



< X! llTrRfc [(/iaft-/j/)oKQ] 



^e/jv;QeA(/3) 
Qe/jv;/9eA(Q) 



(16) 



and hence, ||TrAr/||'' „_fc < where the involved constants do not depend on /. 

2. Step: We will show that Trjv is onto by constructing a right inverse - an extension operator Ex a/. Firstly, 
let Vi e 2?(M'=), and 1/12 e V{W~^) such that supp Vi G ^2^' supp e B^]^'' , t/^i = 1 on and V2 = 1 
on Bl-J". Then, we put -0 := V'l x "02 € I'lK")- 

Let /' G Bp^p '' [N). Then we define the extension operator by 

(Ex n(x) m^Mih'J') o <)] o K-\x), X e (72fl(7V) 

[ 0, otherwise. 

Note that the use of ip is to ensure that ■(/'Exh»i ((/i'^/') o k'^) is compactly supported in Va = i?2_R ^ ^2R^ 
for all a G /jy. Hence, one sees immediately that Exm is well-defined and calculates Trjv(Exj\f /') — /'. 

Thus, Trjv is onto. Moreover, in order to show that Exm : Bp^p " {N) H!^{M) is bounded, we use Lemma 
[T]and Remark [28l again, which give 



|ExM/'||^s(j,/) =^ ||(/laExM/') °Ka||^,(jj,„) < ^ {h^, ( [V-Exr- ((/l^/') O OK^^^^ O 

l|(/la O K/3)V'EXR^((/1^/') O K^)||^WR„) < 



^ E 
E 

3G/« -Sp.p " (R'=) i3p,p " (N) 



Hi 



E 



|ExR.((/.;,/')o4)ii^. 

0G/n 

< E ii(V)°4r. ^ -\\f'\\\ ^ 

peiN -Bp.p " (R'=) i3p,p " ( 

Note that the estimate in the second line uses {h^ o Kj3)ip G I?(V/3). This finishes the proof. 



□ 



Example 29. Our results generalize [Skr90! where traces were re- 
stricted to submanifolds TV which had to be totally geodesic. By 
using Fermi coordinates we can drop this extremely restrictive as- 
sumption and cover more (sub-)manifolds. 

For example, consider the case where M is a surface of revolution of 
a curve 7 and N a circle obtained by the revolution of a fixed point 
p G M. This resulting circle is a geodesic if and only if the rotated 
curve has an extremal point at p. But there is always a collar around 
N , hence, this situation is also covered by our assumptions. 

Remark 30. We proved even more than stated. In Step 2 above it was shown that there exists a linear and 
bounded extension operator Exm from the trace space into the original space such that 

TrAT o Ex A/ — Id, 
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where Id stands for the identity in Bp,p ^ {N). 

The first part of the Trace Theorem [27] (i.e., the boundedness of the trace operator) can be extended to an 
even broader class of submanifolds. We give an example to illustrate the idea. 

Example 31. Let (M",7Vf) and {]Vr\N!l) be manifolds of bounded geometry with iVi n 7V2 = 0- Set 
N := Ni U A^2- Clearly, Trjv = TrjVj + TrjVa (where TrjVi/ and Trjv,/ are viewed as functions on N that 

equal zero on N2 and iVi, respectively), and Tr^r is a linear bounded operator from Hp{M) to Bp^p (N). 
One may think of = Graph(a; 1— >■ x~^) U a: — axis C M^, where (R^, N) does not posses a uniform collar, 
cf. Definition [TSliii. 

The boundedness of Trjv is no longer expectable for an arbitrary infinite union of Ni, e.g., consider Ni = 
R X {i-^} C M^ « G N and put / = x "02 with Vi,V'2 £ V{R). Then N = U,N, ^ embedding, 
when N is equipped with standard topology on each copy of R. But one cannot expect the trace operator 
to be bounded, since not every function / G C^(R^) restricts to a compactly supported function on N {N 
as a subset of R^ is not intersection compact). 

This problem can be circumvented when requiring that the embedded submanifold N has to be a closed 
subset of M. However, even in this situation on can find submanifolds N for which the trace operator is not 
bounded in the sense of ([16]), e.g. consider N = UigN U*~p R x {i + |} ^ R^. 

Remark 32. The above considerations give rise to the following generalization of Step 1 of the Trace 
Theorem \T7\ Assume that is a fc-dimensional embedded submanifold of {M",g) fulfilling (i), (ii) and (iv) 
of Definition [TH] - but not (iii) . Lemmas [H] and [52] remain valid, since their proofs do not use (iii) . We 
replace (iii) with the following weaker version: 

(iii)' Let ([/4 = B2R.ip^))aeir, be a uniformly locally finite cover of N. Set Ua = FiB^j^'' x B^j^{p^)) as 
before. Then, (Ua)a&i^ is a uniformly locally finite cover of yJa&i^Ua- 

Condition (iii)' excludes the negative examples from above . Furthermore, (iii)' together with the complete- 
ness of N implies that A*" is a closed subset of M . 

With this modification, one can still consider Fermi coordinates as in Definition [20l but in general UpN HN ^ 
^2RiPa ) =■ ■ Also the partition of unity can be constructed as in Lemma [25] when making the following 
step in between: Following the proof of Lemma [25l we define the map ha = {ip x [h'^ o k'^)) o k^^ for a ^ In- 
Since in general X^qg/n ^"C-^) '^^^ be bigger than one, those maps cannot be part of the desired partition 
of unity. Hence, we put ha = f^a(J2a'£iN ^a')^^ where X^q'g/n ^ ^ ha = else. Smoothness and 
uniform boundedness of the derivatives of ha follow as in Lemma [25] Then one proceeds as before, defining 
hjs for / \ In. 

Now the proof of Step 1 of the Trace Theorem [57] carries over when replacing ha by ha in the definition of 
Ttn and in the estimate (dU). This leads to l|Trjv/f ^ „^ < Eae/« IIC*"/) ° '^a llffa(Rn) ■ Finally, 

bI, " (AT) 

< E ll(^«^/9/)°«:a|lH=(M..) < E "(^"■^)°''"I1h^(M") - II'^IIh=(M)' 

demonstrates the boundedness of the trace operator Tr n under this generalized assumptions on the subman- 
ifold N. 

5. Vector bundles 

The results about function spaces on manifolds of bounded geometry obtained so far can be transferred to 
certain vector bundles. For that we need a concept of bounded geometry for vector bundles. After giving such 
a definition, we shall proceed along the lines of the previous section ~ introducing synchronous trivialization 
along geodesic normal coordinates and Fermi coordinates and stating a corresponding Trace Theorem. 
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5.1. Vector bundles of bounded geometry. 



Definition 33. [Shul Section Al.l] Let _B be a vector bundle over a Riemannian manifold (M, 17) of bounded 

geometry together with an atlas Ae = {U^'^°,K^°,£,a)a£i where (J7|°°, is a geodesic atlas of M as 

in Example [31 Let flap denote the transition functions belonging to ^q,^^. The vector bundle E together 
with the choice of an atlas Ae is said to be of bounded geometry if for all fc G No there is a constant Ck 
such that |D°/iQ^| < Ck for aU a, 13 el with 11^"° (1 Uf° ^ and all multi-indices a with |o| < fc. 

We give an example of a special trivialization '■ 

Definition 34 (Synchronous trivialization along geodesic normal coordinates). 

Let {E,W^, (., .)e) be a Riemannian or hermitian vector bundle over a Riemannian manifold {M",g). Let 
M be of bounded geometry, and let the connection be metric. Let ^^co _ kS™)^^/ be a geodesic 

atlas of M as in Example [31 and let Pa denote the center of the ball U^°°. The choice of the orthonormal 
frame on Tp^M - already used in the definition of the geodesic coordinates, cf. Example [31 - is again 
denoted by Aq : R" Tp^M . We choose an orthonormal frame (ei(pQ.), . . . , ^^(pq)) for each Ep^ {a £ 
I). Then, -B|j/s<=° is trivialized by parallel transport along radial geodesies emanating from pa as follows: 
For 1 < /O < r, let Xp{t) S Ec^(ff be the unique solution of the differential equation Vf^X^ = with 
Xp{Q) — ep{pa) and Cv{t) being the unique geodesic with c„(0) = Pa and Cv{Q) ^ v E T^JAI, where 
r is smaller than the injectivity radius of M. Then the trivialization by parallel transport is given by 

^e<=° and is called synchronous trivialization (along geodesic 
normal coordinates). A^° — {U^° , K^°,^^'^°)a£i is called a geodesic atlas of E. 

Note that by construction, h„T-{0) = Sa-r for all a e I. Since on Ua is obtained by the parallel transport 
for a metric connection, we get ha-r — 6^r on each Ua and, hence, rf^. = ^Tfp, cp. ([6l). 

Remark 35. In |Eic07[ Section l.A.l] one can find another definition of E being of bounded geometry: A 
hermitian or Riemannian vector bundle {E,V^ , .)e) over {M,g) with metric connection is of bounded 
geometry, if (M, g) is of bounded geometry and if the curvature tensor of E and all its covariant derivatives 
are uniformly bounded. In |Eic91[ Theorem B] it was shown that bounded geometry of E in the sense of 
[Eic07[ Section l.A.l] is equivalent to the following condition: 

For all fc S No there is a constant Ck such that for all a G /, 1 < i < 1 < p, tj < r and all multi-indices a 
with |a| < fc, 

|D"f^^| < Ck, (17) 
where T'^^ denote the Christoffel symbols with respect to 

Our next aim is to compare the two definitions of bounded geometry of E given above: 

Theorem 36. Let {E, V^, (., .)e) be a hermitian or Riemannian vector bundle over a Riemannian manifold 
(M, g) . Let (M, g) be of bounded geometry, and let be a metric connection. Moreover, let A^° ~ 
(C/f °, i^l™)^^/ be a geodesic atlas of E, see Definition \34\ Then, E together with A^° is of bounded 
geometry in the sense of Definition ] 3 3\ if, and only if, it is of bounded geometry in the sense of [Eic91[ Section 
l.A.l], cf Remark\M 

Proof Let a,P el. For simphcity, we assume that Pa,Pp & U^"" n C/|™. Then, for aU z e C/|°° n Uf° the 
geodesies joining z with pa and pp, respectively, are completely contained in U^'^" Ci J7|°°. For atlases not 
satisfying this assumption, one can switch to a refined atlas and use the composition of pairs of charts, each 
pair satisfying the assumption from above. 

Let V e Tp^M and let Xp{t) and Cv{t) be defined as above. Let Ff^ be the Christoffel symbols for with 
respect to S,f°. We put r"(i) = {S,f°)-^X''{t). Moreover, let $i(t) := $i(t, 0, (k|'°)*(z;)) = {Kf°)-^c^{t) 
be the geodesic flow on (J7|™, k|°°). Then the initial value problem V£X^ = with Xp{Q) = ep{pa) reads 
in local coordinates as dtYJ^ + ^i^ia^p — with Y^{0) = {£,p'°)~^ecr{pa)- We denote the corresponding 
flow by 'P-it, i;"(0)) and have ^goo^^^ ^) = ^g- (j^^^^ i.p$^=(-)(1, {^f°)-'epipa)) . By (HID, % and aU its 

derivatives are uniformly bounded. Moreover, the same is true for the geodesic flow $1 since {M,g) is of 
bounded geometry. Then by Lemma [51 E together with 7"^°° is bounded in the sense of Definition [331 
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Conversely, let E he a. vector bundle of bounded geometry in the sense of Definition [331 Since ^1"° is a 
synchronous trivialization, hp^ = Spa , see Definition [34] and below. Let now p be any point in M and 
K geodesic coordinates on a ball around p with radius r. Let V be a unit radial vector field starting at 
p. Then its derivatives are uniformly bounded at distances between and r from p, since (M, g) is of 
bounded geometry. For a point q G M, let Vi be n unit vectors that span TqM . We set pi = exp*^(^Ui). 
Let (e^(pi))cr be an orthonormal frame of Ep.. We consider geodesic normal coordinates and a synchronous 
trivialization around those pi. Moreover, let Vi be the vector Vi parallel transported to pi along c^^ . Since the 
transition functions of E and all its derivatives are uniformly bounded, e^(exp^ {—tvi) and its derivatives are 
uniformly bounded for t G (j^^r). In particular, uniformly bounded means in this context, that the bound 
may depend on the order of the derivatives but not on i. Moreover, since the synchronous trivialization is 
defined by parallel transport along radial geodesies, we have V^e^(g) — for all i and cr. For a synchronous 
trivialization over q, those equations give a linear system on the Christoffel symbols F^^, whose coefficients are 
polynomials in the components of 6^(9), their first derivatives and Vi with respect to the geodesic coordinates 
around q. But those are uniformly bounded as explained above. Moreover, by construction, this system has 
a unique solution. Hence, the Christoffel symbols and all its derivatives in the synchronous trivialization 
around q are uniformly bounded. □ 

Example 37. (i) Let (M, g) be a Riemannian manifold of bounded geometry. Then its tangent bundle 
equipped with its Levi-Civita connection is trivially of bounded geometry. 

(ii) Let (Af , g) be a Riemannian spin manifold of bounded geometry with chosen spin structure, i.e. 
we have chosen a double cover PspinM of the oriented orthonormal frame bundle such that it is 
compatible to the double covering Spin(n) SO(n), cf. |Fr001 Section 1.5 and 2.5]. We denote 
by 5* = Pspin(-M) x„ ct^-] the associated spinor bundle, where k : Spin(n) — )• {/(ct^'l) is the spin 
representation, cf. [FrOOl Section 2.1]. The connection on S is induced by the Levi-Civita connection 
on M. Hence, the Riemannian curvature of S and all its covariant derivatives are uniformly bounded. 
In this spirit, any natural vector bundle E over a manifold of bounded geometry equipped with a 
geodesic trivialization of E is of bounded geometry. 

(iii) Let (Af , g) be a Riemannian Spin"' manifold of bounded geometry. Here the spinor bundle S described 
above may not exist globally (but it always exists locally). But a Spin^'-structure assures the existence 
of a Spin^'-bundle S' that is a hermitian vector bundle of rank 2[~], endowed with a natural scalar 
product and with a connection V'^ that parallelizes the metric. Moreover, the Spin^-bundle is 
endowed with a Clifford multiplication denoted by where • : TM — > Endc(S") is such that at 
every point x G A/ '■' defines an irreducible representation of the corresponding Clifford algebra. The 
determinant line bundle detS" has a root of index 2[2']~^ - denoted by L and called the auxiliary 
line bundle associated to the Spin^-structures, [FrOOl Section 2.5]. The square root of L always 
exists locally but S" = S" (g) L2 is defined even globally, |FrOO| Appendix D]. The connection on S' 
is the twisted connection of the one on the spinor bundle coming from the Levi-Civita connection 
(as described in (ii)) and a connection on L. Hence, for S' being of bounded geometry, we not only 
need that (M, g) is a bounded geometry but also that the curvature of the auxiliary line bundle and 
its covariant derivatives are uniformly bounded. 

5.2. Sobolev spaces on vector bundles. We start with two definitions of Sobolev spaces on vector bundles 
E over M . The first one is for vector bundles of bounded geometry only. 

Definition 38. [Shi?, Section Al.l] Let E with trivialization Te = [U^''" , Kf° ,£,a,h^°)a^i be a vector 
bundle of bounded geometry over a Riemannian manifold {M",g). Then, for s G M, 1 < p < 00, the Sobolev 
space TLp{M,E) contains all distributions (p G V{M,E) with 

\ael 

where r is the rank of E. 

Let E he a, hermitian or Riemannian vector bundle over a complete Riemannian manifold {M, g) of rank r 
with fiber product (., .)e and connection : T{TM) ® T{E) T{E). 
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< 00, 



In general, £,a and V have nothing to do with each other. But one can alternatively use the connection in 
order to define Sobolev spaces: For fc e No, 1< p < oo, let the W^{M, E) -norm be defined by 



WvWw^iM.E) = E ^ I Vf_^^rdvolg for ^ G V{M,E). 

i—^ i times 

Then the space Wp{E) is defined to be the completion of 'D{M,E) with respect to the iJ^ (M, i?)-norm. 

Theorem 39. Let {E^W^ , {., .)e) be of bounded geometry. In case that is the synchronous trivialization 
along geodesic normal coordinates Wp{M,E) — TLp{M, E) for all fc g Nq and 1 < p < oo. 

Proof. We briefly sketch the proof which is straightforward. Let tp G 'D{Ua, E\u^). By induction we have 

l<k 

where the coefficients dj-^^,,,j, are itself polynomials in gij, g^^ , T^^ and their derivatives (and depend on 
ii, . . . ,ik)- Moreover, again by induction, one has that the coefficients of the leading terms, i.e., I = k, are 
given by dj^,,,,j^ = g'^^^ ■ • •g*'=J'=. 

By Remark [Tjiii, all those coefficients are uniformly bounded. Moreover, using the fact that is obtained 
by synchronous trivialization, we have hpa- = Spa, see below Definition[34l Hence, there are constants Ck > 
with 

l(v^)Vll ^Eff'^'^ •••5^'"''"((^'')V)L.....((v^)V)J,,...,,, o'^^' 

7,;|7,|<fc;;el,2 

for all a and all G 'D{Ua, E\u^). Together with a uniform upper bound on det gij which follows again from 

RemarkHiii, we obtain \\{'^^fp{ei^,...,ei^)\\L^(u^,E\u^) < C'E7,|7|</c P''(Ca('«a))llLp(y„,F'-)- 
On the other hand, by the remark on the leading coefficients d from above 

((V^)''V5(eji, . . . , e^J) = ■ ■ ■ djuki^aif)) + terms with lower order derivatives. 

Thus, as above 

dm,--- drukiCM) = E<i,...^.S((V^)V(en, • ■ • , eO). 

l<k 

where the functions : — > M are again polynomials in gij, g*^, Ff^ and their derivatives. 

In the same way as before we obtain 

\\CM\H;iv^,wn<cJ2\\(^''y V\\Lp(U^,E\u^}- 

l<k 

Let now ip G 'D{M,E). Then, using Example [H the uniform local finiteness of the cover and the local 
inequalities from above we see that for fc G No, 
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ael \ i=l \ / 



Lp(y„,F'-) 



<E +E ii(v^)'-vf^,(M,i.) 

q6/ 4=1 

<E iic(^r^)r«.(K„,F.) +E ii(v^)'=-viii(M.^.)- 

q6/ 1=1 

Using this estimate inductively, there is a constant C" > with 

i/p 



On the other hand, 



ael ael 4=0 qG/ 4=0 j=0 

^EEEii(^"rvir,^(^„,,i,„) <Eii^C,Mr;„,.i..) ^ iiv'C.(m,.)- 

aG/ i=0 i=0 qG/ 

The coincidence of the corresponding spaces fohows since T>{M,E) is dense in Wp{M,E) for k G N, cf. 
[StrSSl Theorem 4.3]. □ 

The above considerations give rise to the fohowing definition. 

Definition 40. Let {E, V^, (., .) e) be of bounded geometry. In case that ^q, is the synchronous triviahzation 
along geodesic normal coordinates we set H^{E) := Wp{M^ E) :— "HpiM, E) for all s G R and 1 < p < oo. 

5.3. Sobolev norms on vector bundles of bounded geometry via trivializations. As for Sobolev 
spaces on manifolds we look for 'admissible' trivializations of a vector bundle E such that the resulting 
Sobolev norms are equivalent to those obtained when using a geodesic triviahzation of E. 

Definition 41. Let be a hermitian or Riemannian vector bundle of rank r over {M'^,g) with a uniformly 
locally finite triviahzation Te = {Ua, Kq,, ^q,, ha)aei- Furthermore, let s g M and 1 < p < oo. Then the space 
H^-'^'^{E) contains aU distributions (p 6 V'{M,E) such that 



ael / 



is finite. 



Definition 42. Let {E, , (., .)e) be a hermitian or Riemannian vector bundle of rank r and of bounded 
geometry over a Riemannian manifold {M"',g). Let 7e = {Ua, Ka,^a,ha)aei be a uniformly locally finite 
triviahzation of E. Using the notations from above, we say that Te is an admissible triviahzation for E if 
the following are fulfilled: 

(CI) T :— (Ua, Ka, ha)aei is an admissible triviahzation of M. 
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(C2) Te is compatible with the synchronous triviahzation along geodesic coordinates, i.e., for A^^° = 
(C/|''°, being a geodesic atlas of E, cf. Definition [34l there are constants > for 

fc e No such that for all a e / and /3 G J with [/„ n Uf° ^ and all a 6 NJJ with |a| < A:, 

|D»Aa^|<Cfe and iD^/i^^l <Cfc. 

For vector bundles of bounded geometry we have corresponding results as on manifolds of bounded geometry. 
We start with the formulation of the analog of Theorem [141 The proof follows in the same way. 

Theorem 43. Let E be a hermitian or Riemannian vector bundle over a Riemannian manifold {M,g). Let 
Te = (Ua, Ka, ^a, ha)aei be an admissible triviahzation of E. Furthermore, let s G M and I < p < oo. Then, 

HfHE)^H;{E). (18) 

5.4. Trace Theorem for vector bundles. 

Definition 44 (Synchronous triviahzation along Fermi coordinates). Let {M,N) be of bounded 
geometry, and let i? be a hermitian or Riemannian vector bundle of bounded geometry over M. Let 7"^*^ = 
{U-y, Kj, hj)^^i be a triviahzation of M using Fermi coordinates (adapted to N). We refer to Section HTTI (also 
concerning the notation). In case that 7 G L\Ln, we trivialize E\u_^ via synchronous triviahzation along the 
underlying geodesic coordinates as described in Definition 1341 In case that 7 G /at, we first trivialize E\ij_^riN 
along the underlying geodesic coordinates on N . Then, we trivialize by parallel transport along geodesies 
emanating at N and being normal to N . The resulting triviahzation is denoted by T^'~' = (C/^, k^, ^-y, h^)j^j. 

Next, we state corresponding results to Lemma [Ml and Theorem B71 

Lemma 45. The triviahzation T^'~^ introduced in Definition \44\ fulfills condition (C2). 

Proof. The proof is the same as in Lemma IMl □ 

Theorem 46. Let E be a hermitian or Riemannian vector bundle of bounded geometry over a Riemannian 
manifold {M,g) together with an embedded k-dimensional submanifold N. Let {M,N) be of bounded geom- 
etry. If 1 < p < 00 and s > ^ then the pointwise restriction Trjv : 'D{M,E) — >■ T){N,E\n) extends to a 

linear and bounded operator from Hp(E) onto Bp^p ^ {E\j^), i.e., 

TrNH;{E) = BZ^iEl^). (19) 



Moreover, Trjv has a linear and bounded right inverse, an extension operatorFi^M ■ Bp^p '' {E\n) Hp{E). 

Proof. We start with the case that E — R" x F*" is the trivial bundle over R". In this case the claim follows 
immediately from the Trace Theorem on (R",R'^) and Lemma [2l 

The rest of the proof follows along the lines of Theorem l27l using that by construction {U!y — U.y Ci N, k'^ = 
('«7^lc/i)"\^7 = £.j\{V-,nM>')x¥'-,h'^ = hy\u')'y&iN gives a geodesic triviahzation of -BIat. □ 



6. Outlooks 

6.1. Spaces with symmetries - a first straightforward example. The aim of this subsection is to give 
an application of admissible trivializations to spaces with symmetries. We consider manifolds M, where a 
countable discrete group G acts in a convenient way and show that the Sobolev spaces of functions on the 
resulting orbit space M/G and the weighted Sobolev spaces of G-invariant functions on M coincide. This is 
in spirit of 

Theorem 47. |Tri83[ Section 9.2.1] Let 1 < p < 00 and consider the weight p{x) = (1 + |x|) ^ on Euclidean 
space R" where xp > n. Let T" := R"/Z" denote the torus and n : R" — > T" the natural projection. Put 
H^ ,,{W',p) := {/ G 2?'(R") I pf G i?^(R") and f is tt -periodic} , then 

h;{t^)^h;^,{«\p). 
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This is just a special case of the theorem given in |Tri83[ Section 9.2.1], where more generally Besov and 
Triebel-Lizorkin spaces are treated, cf. Section [6?2] The proof uses Fourier series. With the help of admis- 
sible trivializations, we want to present a small generalization of this result for manifolds with G-actions. 

We start by introducing our setup. In order to avoid any confusion with the metric g, elements of the group 
G are denoted by h. 

Definition 48 (G- manifold). Let {M,g) be a Riemannian manifold, and let G be a countable discrete 
group that acts freely and properly discontinuously on M. If, additionally, g is invariant under the G-action 
(which means that h : p G M i-^ h ■ p € M is an isometry for all h € G), we call {M,g) a G-manifold. 

By [LeeOli Corollary 12.27] the orbit space M := M/G of a G-manifold is again a manifold. From now on we 
restrict ourselves to the case where M is closed. Let tt : M — )> M be the corresponding projection. If (M, g) 
is a G-manifold, then there is a Riemannian metric g on M such that TT*g — g. Let 

be an admissible trivialization of M . In particular, this means we assume that (M, g) is of bounded geometry 
and, hence, so is {M,g). Then there are Ua^h C M with Tr^^{Ua) — Lih^cUaji and Ua^h — h ■ Ua,e for all 
a G /. Here e is the identity element of G. Let TTa,h t^Iuc h ■ Ua,h Ua denote the corresponding 
diffeomorphism. Setting jj tt^^ ° Kq, : Va ^ Ua.h and 

_ (haO TTa.h OU Ua,h, 

else, 

we have ha h ° i^a h = ha o Ka for all a G /, /i G G. This way we obtain an admissible trivialization 
1 1'^a.hi ha,h)aei ,h£G of M ^ which wc Call G-adapted trivialization. 

Definition 49 (G-adapted weight). Let {M,g) be a G-manifold with a G-adapted trivialization T as 
above. A weight function p : M ^ (0, co) on M is called G-adapted, if there exist a constant G^ > for all 
A: e No such that for a G Nq with |a| < A: and aU a G /, 

ID^P ° I <Cfe. 

Remark 50. The notion of a G-adapted weight is independent on the chosen admissible trivialization on 
M/G. This follows immediately from the compatibility of two admissible trivializations, cf. Remark I13l ii. 

Example 51. We give an example of a weight adapted to the G-action. Take a geodesic trivialization on M 
as in Example [3] and let T be an admissible trivialization of M constructed from T on M as above. There 
is an injection i : G ^ N, since G is countable, and we set 

P{v) X! L{hy^ha.h{p). 

{a,h)eIxG: peUa.h 

Since the covering is locally finite, the summation is always finite. Moreover, Definition 1121 and the uniform 
finiteness of the cover yield for fixed a G I and all a £ Nq with \a\ < k {k £ Nq), 



^ |D''(pOK„,^)| <^ J2 t{hT^\B''{ha'M'Olia,h)\ 



heG (a' ,h')eixG; 



h<^G\a'\<\a\ (c' ,h')ei xG; 



L{h'y 



hGG (a' ,h')eIxG; 



heG (a' .h')eixG, 



-G'l E E ^^^^y" ^ C'^L E '^^r' < C'^LY^^-' < oo. 



hGG (a' ,h')GIxG, 
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where L is the multiphcity of the cover and the constants C'^,C'^' do not depend on ft, G G and a G I. In 
particular, together with Remark 1501 this example demonstrates that each G-manifold admits a G-adapted 
weight. 

We fix some more notation. Let s G M and 1 < p < c». Then the space Hp{M, p) consists of all distributions 
/ G V'{M) such that 

\\f\\H'^(ALp) ■■= \\pf\\H'^(M) < OO. 

Moreover, we call a distribution / G 'D'{M) G-invariant, if f{ip) = f{h*(p) holds for all f G V{M) and h G G. 
The space of all G-invariant distributions in Hp{M, p) is denoted by Hp{M, p)'^ . 

Theorem 52. Let {M,g) be a G-manifold of bounded geometry where M — M/G is closed, and let p be a 
G-adapted weight on M . Furthermore, Ze< s G M and 1 < p < oo. Then 

H;(M)^H;{M,pf. 

Proof. It suffices to show that the norms of the corresponding spaces are equivalent. We work with a geodesic 
trivialization T'soo (^j^jj ^ G-adapted trivialization T of M constructed from 2^8°° as described 
above. Note that the closedness of M/G implies, that p\\j^Ua ^ > c > for some constant c > (since then 
UqC/q^e is compact). Let /' G Hp{M/G) and set f = f ott. Then, 

aeI,heG aeI.h£G 
ael 

Let now / G H^{M, p)'^ . Since / is G-invariant, i.e., there is a unique /' with f — f on. Then, 

ael ael 

;$Xll((^"'<=^-^)°'*"'e)llff^(K") ^ X \\ii!T'a.hPf)oHa,h)\\H^(R'^) = II / (M,p) ' 
ael aeI,heG 

Here we used the uniform boundedness of ^ o Ka,e and its derivatives, which follows from the corresponding 
statement for p o Ka,e and the lower bound p o Ka^e > c > 0. □ 

Remark 53. The restriction to closed manifolds M (i.e., compact manifolds without boundary) in Theorem 
[52] should not be necessary. In case that M is noncompact, one needs to modify the definition of G-adapted 
weights in a suitable way to assure the weight is bounded away from zero with respect to the 'noncompact 
directions ' of M. 

We conclude our considerations with an example of a G-manifold other than the torus, which is covered by 
Theorem m 

Example 54. Let {M,g) be a closed manifold. Let G be a subgroup of the fundamental group 7ri(M) of 
M. Note that G is countable since 7ri(M) is. Let {M,g) be the G-cover of {M,g) where g = iT*g. Then, 
(M, g) is a G-manifold with M = M/G. 

6.2. Triebel-Lizorkin spaces on manifolds. In order to keep our considerations as easy as possible, we 
have been concentrating on (fractional) Sobolev spaces on Riemannian manifolds M so far. This last para- 
graph is aimed at the reader who is more interested in the general theory of Besov and Triebel-Lizorkin 
spaces ~ also referred to as B- and F-spaces in the sequel. We now want to sketch how those previous results 
generalize to Triebel-Lizorkin spaces on manifolds. 
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By the Fourier-analytical approach, Triebel-Lizorkin spaces ^(R"), sGM, 0<p<oo, 0<g<oo, consist 
of all distributions / £ S'(R") such that 

l|/|l.,,(«-.-||(E|2^'^(^./T(-)r) ' . (20) 



3=0 ' 
(usual modification \i q ~ oo) is finite. Here {(/SjljlLo denotes a smooth dyadic resolution of unity, where 
(po ^ (p e 5(M") with supp ip C {y e M" : \y\ < 2} and ip{x) = 1 if < 1, and for each j G N put 
ipj{x) = (p{2~^x) — (p{2~^^^x). The scale Fpg(IR") generalizes fractional Sobolev spaces. In particular, we 
have the coincidence 

FpA^") = ^p(IR"), s G M, 1< p < C50, 
cf. [Tri83[ p. 51]. In general, Besov spaces on M" are defined in the same way by interchanging the order 
in which the £q- and Lp-norms are taken in (PO)) . Hence, the Besov space i3pg(R"), sGM, 0<p, (7<oo 
consists of all distributions / G iS'(M") such that 

1/-3 



/L,,(«")-(E2^'^1(^./)1ll(«^)) ' (21) 



p.q 



(usual modification if p = cxd and/or q = oo) is finite. In particular, if p = 

s^,p(m")-f;;p(r"), o<p<^, 

and we extend this to_p = ooby putting i^4_^(]R") B^^(]R"). The scales Fp*,,(K") and B^g{W) were 
studied in detail in |Tri83[ [Tri92) . where the reader may also find further references to the literature. 

On K" one usually gives priority to Besov spaces, and they are mostly considered to be the simpler ones 
compared to Triebel-Lizorkin spaces. However, the situation is different on manifolds M, since B-spaces lack 
the so-called localization principle, cf. [ Tri92i Theorem 2.4.7(i)], which is used to define F-spaces on M (as 
was already done in Definition [TT] for fractional Sobolev spaces, now replacing i7p(M") by ^{M") inside 
of the norm). Then Besov spaces on M are introduced via real interpolation of Triebel-Lizorkin spaces (in 
order to compute traces we have to generalize the B-spaces on M from Definition [TBI and allow < p < 1). 

Definition 55. Let (M", g) be a Riemannian manifold with an admissible trivialization T — {Ua, Kq, ha)a^i 
and let s G M. 

(i) Let either < p < oo, 0<g<ooorp = g = oo. Then the space F^-J{M) contains all distributions 
/ G V'{M) such that 



E 

\ael 



WiKDoK^Wl^ ,^^A (22) 



is finite (with the usual modification \i p — oo). 
(ii) Let Q < p,q < oo, and let —oo < so < s < si < oo. Then 

b;^J{m) = {F;f{M),F;f{M))^^^ 

with s = (1 - e)so + 9si. 

Remark 56. Restricting ourselves to geodesic trivializations T"^**", the spaces from Definition [55l coincide 
with the spaces F^^g{M) and -B^,,(M), introduced in |Tri92| Definition 7.2.2, 7.3.1]. The space B^p^J{M) is 
independent of the chosen numbers so,si G K and, furthermore, for s G R and < p < oo we have the 
coincidence 

B;'JiM) = f;'J{m). (23) 

This follows from |Tri92[ Theorem 7.3.1], since the arguments presented there are based on interpolation 
and completely oblivious of the chosen trivialization T. In particular, (l23l) yields that for / G Bpp{M) a 
quasi-norm is given by 

ll/llB;;J(M)=fElK^"/)°'^"llB^._«.Ml ■ (24) 
VqG/ 
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Now we can transfer Theorem [HI to F- and B-spaces. 

Theorem 57. Let (A/", g) he a Riemannian manifold with an admissible trivialization T = {Ua, Ha, ha)aGi ■ 
Furthermore, let s CzR and let < p, q < oo (0 < p, g < oo or p = q = oo for F-spaces). Then 

F;;J{M) = F^^ (M) and B;:J{M) = (M) . 

Proof. For F-spaces the proof is the same as the one of Theorem [T31 The claim for B-spaces then fohows 
from Definition [551 ii. □ 

Trace theorem. The generaUzation of the Trace Theorem [27] is stated below. In particular, this result 
improves |Skr90[ Theorem 1, Corollary 1]. 

Theorem 58. Let (M^,g) be a Riemannian manifold together with an embedded k-dimensional submanifold 
N and (M", TV*^) be of bounded geometry. Furthermore, let < p,q < oo {0 < p,q < oo or p = q = oo for 
F-spaces) and let 




Then Ttn — is a linear and bounded operator from Ap^{M), where A £ {B,F}, onto Bp^p ^ {N), i.e., 

TtnA;JM) = bZ^{N). (26) 

Proof. The proof of runs along the same lines as the proof of Theorem [27] Choosing Fermi coordinates, 
via pull back and localization the problem can be reduced to corresponding trace results in M" on hyperplanes 
M'^, cf. |Tri921 Theorem 4.4.2], where the proof for k = n—1 may be found. The result for general hyperplanes 
- and condition (|25p - follows by iteration. The assertion for B-spaces follows then from Definition [55lii. □ 
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